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We derive an expression for effective gravitational mass for any closed spacelike 2-surface. This
effective gravitational energy is defined directly through the geometrical quantity of the freely falling
2-surface and thus is well adapted to intuitive expectation that the gravitational mass should be
determined by the motion of test body moving freely in gravitational field. We find that this effective
gravitational mass has reasonable positive value for a small sphere in the non-vacuum space-times
and can be negative for vacuum case. Further, this effective gravitational energy is compared with
the quasi-local energy based on the (2 + 2) formalism of the General Relativity. Although some
gauge freedoms exist, analytic expressions of the quasi-local energy for vacuum cases are same as
the effective gravitational mass. Especially, we see that the contribution from the cosmological
constant is the same in general cases.
I. INTRODUCTION
One frequently wants to define the local energy in order to investigate the local structure of the dynamical space-
times. However, it is well known that, due to the equivalence principle, the gravitational field does not have local
(point-wise) energy density in General Relativity. Hence, it might be impossible to construct the combined energy
density of gravity and matter in a purely local manner.
Fortunately, for asymptotically flat spacetimes, it was shown that the notion of the total energy for the whole
3-space exists and that one can consistently define the total energy at spatial and null infinity: the ADM energy
EADM [1] and the Bondi-Sachs energy EBS [2,3], respectively. They have several nice features. They are defined in
entirely covariant ways [4]. The positivity of these energy related to the stability of spacetimes has been proven by
[5,6]. The relation between EADM and EBS is revealed in Ref. [7]
In the case of asymptotically de Sitter spacetimes, one can define the Abott-Deser energy [8]. This is an integral
of the conserved charge and has the nature such as the total energy of the whole 3-space. In spherical cases, Nakao,
Shiromizu and Maeda [9] showed that the Abott-Deser energy picks up correctly the gravitational mass, which
determines the tidal force. Further, they found an example in which the Abott-Deser energy is negative. One of the
present authors showed that it is positive in cases corresponding with ‘static’ like spacetimes [10].
The above success of these total energies in spacetimes with different asymptotic structure urges again people to
construct the local notion of the gravitational energy, that is, one want to define the useful total energy of compact
regions which does not depend on the asymptotic structure of spacetimes [11].
In the present paper, we consider the motion of a freely falling 2-surface and then define the effective gravitational
mass for that surface. Then we evaluate it for small spheres in non-vacuum space-times and in Schwarzschild space-
time. Furthermore, we show that it resembles the quasi-local energy derived from the total Hamiltonian of the (2+2)
formalism.
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The organization of the present paper is as follows. In Section 2, we introduce the effective gravitational mass for
a freely falling 2-surface in General Relativity based on the comparison with the Newtonian theory and evaluate it
for small spheres. We also give explicit values for some known spacetimes, most notable of which are a small sphere
outside the black hole and large sphere containing the black hole in the Schwarzschild spacetime. In Section 3, we
show that our effective gravitational energy for a 2-surface has similarity with the quasi-local energy derived from the
(2 + 2) formalism, first reviewing that formalism briefly. Finally, we give the summary in Section 4.
II. GRAVITATIONAL MASS AND FREELY FALLING 2-SURFACE
In the Newtonian theory of gravity, the motion of a test particle with vanishing angular momentum is determined
by
r¨ = −M
r2
. (2.1)
This equation relates the gravitational mass M with the time evolution of a geometrical quantity r¨. We seek for a
similar relation in the context of General Relativity. In the following, we first establish the mass-geometry relation in
terms of the quantities associated with freely falling 2-surface in Newtonian theory and then extend that relation to
the case of General Relativity.
A. Effective mass in Newtonian theory
We consider an arbitrary 2-surface S in the Newtonian absolute spacetime. Imagine that S is entirely covered with
freely infalling test particles. Denote the tangent vector of the world line of each test particle by ta and define the
3-velocity va by ta = (∂/∂t)a + va, where t is the absolute time. Write the flat metric of the absolute space as gab
and the natural derivative operator of the spacetime as ∇a. Then the equation of motion takes the form
ta∇avb = −gab∇aΦ,
where Φ is the gravitational potential which satisfies the Poisson equation
gab∇a∇bΦ = 4πρ, (2.2)
where ρ is the matter density.
Denote the projection tensor onto S by hba, where hab ≡ hcagcb is the metric of S. These metrics satisfy gab =
hab + nanb where na is the normal vector of S pointing outwardly and hab ≡ gachbc. Define θˆ by hcahdb£tµcd = θˆµab
where µab is the area 2-form of S. Then θˆ = h
a
b∇atb = hab∇avb gives the evolution rate of the infinitesimal area
element δA which consists of some fixed members of the test particles: θˆ = ta∇a(δA)/δA. θˆ is also the expansion
of the congruence of the test particles. Next, introduce the shear σˆab ≡ 2hcahdb∇(cvd) − θˆhab and the rotation
ωˆab ≡ 2hcahdb∇[cvd] of the congruence. Then we can determine time evolution of tb∇bna as follows.
Since tb∇bna gives zero when contracted with (∂/∂t)a and na, it has only components parallel to S. Take an
arbitrary vector field Xa tangent S. Then we have
Xatb∇bna = −(tb∇bXa)na
= −(£tX a +X b∇b ta)na
= −Xbna∇bva. (2.3)
The last equality holds because S is Lie-propagated along ta, which is assumed implicitly in the above construction.
Since Xa is arbitrary other than Xa should be tangent to S, we have the relation tb∇bna = −nbhca∇cvb. Now we can
obtain the time evolution of θˆ as follows.
tc∇cθˆ = tc∇c(hab∇avb)
= (tc∇chab )∇avb + hab tc∇c∇avb
= tc∇c(gab − nbna)∇avb + hab
(
∇a(tc∇cvb)− (∇atc)(∇cvb)
)
2
= nd(h
c
b∇cvd)na∇avb + nbnd(hac∇cvd)∇avb
+ hab (−∇a(gbc∇cΦ)− (∇avc)(∇cvb))
= −habhcd(∇avd)(∇cvb) + hab(nc∇avc)(nd∇bvd)
− hab∇a(hbc∇cΦ+ nbnc∇cΦ)
= −1
4
(θˆhba + σˆ
b
a + ωˆ
b
a)(θˆh
a
b + σˆ
a
b + ωˆ
a
b )
+ hab(nc∇avc)(nd∇bvd)−Da(habDbΦ)− hab (∇anb)nc∇cΦ. (2.4)
Thus we have an equation
ta∇aθˆ + 1
2
θˆ2 +
1
4
σˆabσˆ
ab − 1
4
ωˆabωˆ
ab = −θna∇aΦ−Da(habDbΦ) + hab(nc∇avc)(nd∇bvd), (2.5)
where θ ≡ hab∇anb is the trace of the extrinsic curvature of S in the Euclid space. This equation resembles the
Raychaudhuri’s equation. Integrating the above equation over the closed 2-surface S, we have
∫
S
µ
(
ta∇aθˆ + 1
2
θˆ2 +
1
4
σˆabσˆ
ab − 1
4
ωˆabωˆ
ab
)
=
∫
S
µ
[
−θna∇aΦ + hab(nc∇avc)(nd∇bvd)
]
. (2.6)
The first term on the right hand side basically gives the material mass inside S and the second term corresponds to
the contribution of centrifugal force. This is most easily seen for the initial configuration in which S is a sphere of
constant radius r and va is tangent to S. For such surface, θ = 2/r and nch
ab∇bvc = −vchab∇bnc = −va/r. Thus
the value of the right hand side of (2.6) is, considering eq.(2.2),
∫
S
µ
(
−2
r
na∇aΦ + v
2
r2
)
= 8π
(
−M
r
+
l2
2r2
)
,
where M ≡ ∫
V
dV ρ with V being the region inside S and l ≡ (∫
S
µv2/4π)1/2 is the averaged angular momentum of
the test particles of unit mass. This is identical to (up to a numerical factor 8π) an effective potential of the test
particles with the angular momentum l.
From these considerations, in general cases, we can define the effective mass for general closed surface S by
Meff(S) ≡ −
( A
4π
) 1
2
∫
S
µ
8π
(
ta∇aθˆ + 1
2
θˆ2 +
1
4
σˆabσˆ
ab − 1
4
ωˆabωˆ
ab
)
.
= −
( A
4π
) 1
2
∫
S
µ
8π
[
−θna∇aΦ + hab(nc∇avc)(nd∇bvd)
]
(2.7)
B. Effective mass in General Relativity
Now we consider a freely falling 2-surface in General Relativity. Let ta be a unit timelike vector field orthogonal to
S. Extend each ta to be geodesic along its direction. As a result we have a two-dimensional geodesic congruence which
starts from S. Denote the metric of the 2-surface which is Lie-propagated along ta by hab. Then t
a is always orthogonal
to S. We define the expansion of the congruence as θˆ ≡ hab∇atb. The expansion θˆ again satisfies hcahdb£tµcd = θˆµab
and equals to the evolution rate of the infinitesimal area element which is spanned by some fixed members of the
congruence: θˆ = ta∇a(δA)/δA. In this case the rotation ωˆab ≡ 2hcahdb∇[ctd] of the congruence vanishes since ta is
orthogonal to S. Thus the shear is given by σˆab = 2h
c
ah
d
b∇ctd − θˆhab, without symmetrization over the indices c and
d.
We can show, by the similar argument to the one in the Newtonian case, that the evolution of the unit spacelike
vector na orthogonal to both hab and t
a is given by the equation tc∇cna = −nbhac∇ctb. Then the evolution of θˆ is
given by
tc∇cθˆ = tc∇c(hab∇atb)
= (tc∇chab )∇atb + hab tc∇c∇atb
= tc∇c(gab + tbta − nbna)∇atb + hab tc([∇c,∇a]tb +∇a∇ctb)
3
= nd(h
c
b∇ctd)na∇atb + nbnd(hac∇ctd)∇atb
+ hab
(
tcRbdcat
d − (∇atc)(∇ctb)
)
= −habhcd(∇atd)(∇ctb) + hab(nc∇atc)(nd∇btd)− habRacbdtctd. (2.8)
(2.9)
The curvature term habRacbdt
ctd is related to the parallel component of Weyl tensor as
Racbdh
abtctd =
1
2
Cacbdh
abhcd +Rabt
atb − 1
2
Rabh
ab +
1
3
R, (2.10)
so we obtain
tc∇cθˆ + 1
2
θˆ2 +
1
4
σˆabσˆ
ab = −1
2
Cabcdh
achbd −Rabtatb + 1
2
Rabh
ab − R
3
+ ωaωa,
where ωa ≡ nchba∇btc and it expresses the “centrifugal force component.” This equation should be compared to (2.5).
Thus, in the case of General Relativity, from the Newtonian analogy of eq.(2.7), we can define the effective mass for
the freely falling 2-surface S as
Meff(S) = −
( A
4π
) 1
2
∫
S
µ
8π
(
ta∇aθˆ + 1
2
θˆ2 +
1
4
σˆabσˆ
ab
)
=
( A
4π
) 1
2
∫
S
µ
[
1
16π
(
Cabcdh
achbd − 2ωaωa − 4
3
Λ
)
+ Tabt
atb − 1
2
Tabh
ab +
2
3
T aa
]
, (2.11)
where we have used the Einstein equations Rab − gabR/2 = 8πTab − Λgab. We propose the effective mass as the
quasi-local energy. We note that the effective mass Meff(S) can be defined for any 2-surface S although the definition
is based on the freely falling test particles, because, given any 2-surface S, the above argument can be applied to
the sequence of 2-surfaces generated by the motion of freely falling test particles which start off from that particular
2-surface.
One can show that the effective mass Meff(S) coincides exactly with the ADM energy and the Bondi-Sachs energy
with appropriate limits in asymptotically flat spacetime. Both of the ADM energy and the Bondi-Sachs energy can
be expressed as an asymptotic limit of the integral ( A4pi )
1/2
∫
S
µ
16piCabcdh
achbd. [12,4,14]. Taking into consideration
the asymptotic behaviour of the twist ωaω
a ∼ O(r−6) [12], the standard falloff conditions of the energy-momentum
tensor in the asymptotic region tell us that EADM and EBS are given as the appropriate limits of the effective mass:
EADM = lim
S→i0
Meff(S), EBS = lim
S→J
Meff(S).
We give the explicit values of Meff(S) for various exact solutions with spherical symmetry here. In all cases S is
taken to be a sphere of symmetry in t = constant surface:
Meff(S) = 0 (Minkowski)
=M (Schwarzschild)
=M − e
2
r
(Reissner-Nordstro¨m)
=M − Λ
3
r3 (Schwarzschild-de Sitter)
=
4π
3
r3(ρ+ 3P )− Λ
3
r3 (Friedmann-Robertson-Walker). (2.12)
All these values satisfy eq.(2.1) for radial timelike geodesic regarding Meff(S) as gravitational mass, as is expected
from the above derivation, sinceMeff(S) is defined directly through the behaviour of freely falling 2-surface. Actually,
one can see that Meff(S) always gives the correct gravitational mass in the above sense in spherically symmetric
spacetimes when S is a symmetric sphere. Proof: In such spacetimes, the area of S is expressed as A = 4πr2 and the
shear σˆab vanishes. In addition, θˆ is constant over S and equals to A˙/A = 2r˙/r. Thus the effective energy is easy to
compute and gives Meff(S) = −r2r¨.
Here we mention two features of Meff(S). First, in the Reissner-Nordstro¨m (RN) spacetime, it does not coincide
with the Misner-Sharp energy [13], which has been widely accepted as the correct quasi-local energy in the spherically
4
symmetric models so far, EMS = M − e2/2r. Secondly, Meff(S) does not coincide with the Abott-Deser energy in
the Schwarzschild-de Sitter (SdS) spacetime and diverges to negative infinity as r → ∞. The latter feature is not
difficult to understand in the current context. In the region far away the black hole, the nature of the SdS spacetime is
approximately same as the de Sitter spacetime. Thus the freely falling sphere staying in that region actually flies away
from the center due to the cosmological rapid expansion. So the effective mass in this case should be negative. Since
the expansion is caused by uniformly distributed vacuum energy Λ, it is natural that Meff(S) has Λr
3 dependence.
Although these features seem queer at first glance, Meff(S) surely captures some of the features of the gravitational
mass. From the construction one can easily see that it is useful to consider the dynamics of the compact object.
C. The evaluation on small spheres
A few years ago Bergqvist [15] studied the energy of small spheres and showed that Hayward’s energy [12] becomes
negative for a small sphere in vacuum case. The effective mass Meff agrees with the Hayward energy in vacuum
spacetimes as shown in the next section, so we investigate the properties of Meff for small spheres in this subsection.
First, we consider non-vacuum case, that is, Tab 6= 0. In this case, as the same way of Bergqvist’s estimation, one
can estimate the present effective gravitational mass easily. The leading term is given by
Meff(S) ∼ 4π
3
r3(Tabt
atb + Tabq
ab)− Λ
3
r3 (2.13)
=
r3
3
Rabt
atb, (2.14)
where qab is the metric of the hypersurface orthogonal to t
a. If one defines the effective local energy density and
pressure by
ρeff := Tabt
atb and Peff :=
1
3
Tabq
ab, (2.15)
the expression of the leading term becomes
Meff(S) ∼ 4π
3
r3(ρeff + 3Peff)− Λ
3
r3. (2.16)
Here note that the pressure term exists. Such term does not exist for Hayward’s and Hawking’s energies which have
only the local energy density term [15] [16]. As the pressure can be source of gravity also in general relativity, our
result is more reasonable than that for Hayward’s and Hawking’s energies.
Next, we consider a small sphere in the Schwarzschild spacetime for an example of the vacuum case. Here we adopt
the isotropic coordinate for Schwarzschild space-time:
ds2 = −
(1− M2r′
1 + M2r′
)2
dt2 +
(
1 +
M
2r′
)4
dx′2. (2.17)
Let us consider a small sphere outside the black hole whose center is located at x′ = a. We assume that the sphere
has coordinate radius r = r0 in the transformed coordinate x = x
′ − a. In this coordinate, the metric becomes
ds2 = −
(1− M2r′
1 + M2r′
)2
dt2 +
(
1 +
M
2r′
)4
(dr2 + r2dΩ22) (2.18)
where r′2 = r2 + a2 + 2ar cos θ and cosθ := a · r/|a||r|. Here we assume that the initial velocity of the surface is zero,
so the “centrifugal force component” ωa = nch
b
a∇buc = 0. Thus the effective mass can be expressed as
Meff =
( A
4π
) 1
2
∫
S
dS
16π
(Cabcdh
achbd − 2ωaωa) (2.19)
=
( A
4π
) 1
2
∫
S
dS
16π
Rabcdh
achbd. (2.20)
Using the extended Gauss-Codacci relation, we have
5
Rabcdh
achbd = (2)R+
∑
i=t,r
gii(KBiAK
A
iB − (KAiA)2) (2.21)
where A,B run on θ, φ and KiAB is the second fundamental forms of the normal vectors ∂t and ∂r.
By virtue of the Gauss theorem
∫
S
(2)R = 8π, we can arrive at the form
∫
S
dS
16π
Rabcdh
achbd =
1
2
− 1
4
∫ 1
−1
d(cos θ)
[
1−
(
1 +
M
2r′
)−1M
r′3
r(r + a cos θ)
]2
(2.22)
without much effort.
This integral can be evaluated analytically by converting the integral variable from cos θ to r′. In the case r = r0 < a,
∫
S
dS
16π
Rabcdh
achbd =
1
am
(a2 − r20 +m2) +
3
4am2r0
(F (m)− F (0))− 1
2
+
1
2am
(a2 − r20 −m2)2
(a+m)2 − r20
(2.23)
= −4
5
(m
a
)2(
1 +
m
a
)−4(r0
a
)4[
1 +O
[(r0
a
)2]]
(2.24)
where m = M/2, F (m) := (a2 − r20 −m2)(a2 − r20 +m2) log(a+ r0 +m)/(a− r0 +m).
The area A can be estimated by similar method and
A = 2π
∫ 1
−1
d(cos θ)
(
1 +
M
2r′
)4
r2 (2.25)
= 4πr20
(
1 +
4m
a
+
3m2
ar0
log
a+ r0
a− r0 +
4m3
a(a2 − r20)
+
m4
(a2 − r20)2
)
(2.26)
= 4πr20
(
1 +
m
a
)4[
1 +O
[(r0
a
)2]]
. (2.27)
Hence the effective mass is
Meff = −1
5
(M
a
)2(
1 +
M
2a
)−2(r0
a
)4
r0
[
1 +O
[(r0
a
)2]]
. (r0 < a) (2.28)
The negativity means that the effect of the tidal force along the direction of a which prolongs the sphere dominates
over the effect of the tidal force normal to a which squeezes the sphere. That is, on the whole, a small sphere which
does not enclose the central black hole must expand due to the tidal force at the first moment. When one considers
a sufficient small sphere in vacuum spacetimes, the gravity is too week and then the small sphere cannot collapse
gravitationally at the first moment. The negativity of the effective mass on the small sphere reflect certainly such
kind of reasonable feature.
On the other hand, on the whole, a large sphere which encloses black hole should shrink at the first moment, so the
effective mass is expected to positive. Actually we can obtain the exact expression for Meff for this case, too. The
above integral (2.22) is valid for large sphere r0 > a as long as the sphere does not intersect with the horizon and
gives
Meff = M −
(
1 +
2M
r0
)−2 a2M2
r30
[
1 +O
[( a
r0
)2]]
(r0 > a), (2.29)
which confirms the above expectation.
III. QUASI-LOCAL ENERGY BASED ON THE (2 + 2) FORMALISM
Since the construction of the effective mass comes from the dynamics of the test 2-surfaces, one can expect that the
similar form can be obtained by another procedure in which 2-surfaces is basic tool. In this section, we will show that
our quasi-local energy is in fact similar to the quasi-local energy derived from the total Hamiltonian of the (2 + 2)
formalism under the special choice of the gauge. The formalism is just the double null foliation of 2-surfaces and then
this is a good example for the demonstration.
6
A. Brief review on the (2 + 2) formalism
In this sub-section, we review the (2+2) formalism and introduce the Hamiltonian. Broadly, we follow Ref. [17]. We
take two commutable vector fields ua and va, and regard them as the evolution vectors. One can take the evolutional
direction to be null in the neighbourhood of regular region without loss of generality. This “double null foliation”
is assumed hereafter. We take the parameters of ua and va to be ξ and η. Then the 2-surfaces {Sξ,η}, generated
by Lie-propagating a fixed two-dimensional spacelike surface S along ua and va, serve as a foliation of the spacetime
in the neighbourhood of S. We take the origins of the parameters ξ and η so that S0,0 coincides with S. Since we
assumed the double null foliation, we restrict ourselves to the cases such that ua and va give null three-surfaces.
Define hab, the induced metric on Sξ,η, and ra ≡ habub, sa ≡ habvb and m ≡ − log(−(u − r)a(v − s)a). It is easy to
see that u− r and v − s are the null normal vectors to the foliation. Thus, using these quantities, the metric can be
written as
gab = hab − em((u − r)a(v − s)b + (v − s)a(u − r)b).
The dynamical equations for the system are derived from the variational principle. The Lagrangian L for the (2 + 2)
formalism is obtained by expressing the four dimensional Lagrangian (4)L in terms of the quantities defined on Sξ,η:
∫ (4)
L =
∫
dξdη
∫
Sξ,η
L, (3.1)
where (4)L is the sum of the Einstein-Hilbert Lagrangian (4)ǫR/16π and the matter Lagrangian (4)Lm and
(4)ǫ is
four-dimensional volume form and R is the Ricci scalar of the spacetime metric.
It is easily verified that the dynamical equations obtained by extremizing the action integral (3.1) are written as
the Euler-Lagrange equations
£u
δL
δ£uq
+£v
δL
δ£vq
− δL
δq
= 0, (3.2)
where q denotes the dynamical degrees of freedom such as hab, r
a, sa,m and matter fields.
It is also easy to verify that the Euler-Lagrange equations (3.2) are equivalent to a Hamiltonian system. The
Hamiltonian H is given by
H = p£uq + pˆ£vq − L,
where p and pˆ are the canonical momenta defined by
p ≡ δL
δ£uq
, pˆ ≡ δL
δ£vq
.
The gravitational part of the Lagrangian which follows from the Einstein-Hilbert Lagrangian with the cosmological
constant, after removing the total divergence, becomes
LG = µ
e−m
16π
[
R+ e
m
2
(
Tr(£u−rh£v−sh) − Tr£u−rhTr£v−sh
+ Tr£u−rh£v−sm +
Tr£v−sh£u−rm
)
+
1
2
DamD
am+ 2ωaω
a − 2Λ
]
,
where µ, R and Da are the area two-form, the scalar curvature and the covariant derivative of the 2-surface Sξ,η,
respectively. We also define the following quantities:
Tr£uh ≡ hab£uhab
Tr£vh ≡ hab£vhab
Tr(£uh£vh) ≡ habhcd£uhac£vhbd
ωa ≡ hab
2
[u− r, v − s]b
(u − r)c(v − s)c . (3.3)
We note that the “centrifugal force component” ωa, introduced in the previous section, coincides with the twist ωa
defined here for a particular choice of the foliation. See Appendix A for proof.
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B. Quasi-local energies derived from (2 + 2) formalism
In the standard (3 + 1) formalism, the total energy associated with an asymptotically flat spacelike hypersurface
is defined as the integral of the Hamiltonian over that hypersurface [18]. The analogous quantity for the (2 + 2)
formalism is the integral of the Hamiltonian H over the surface S. We would like to relate the integral ∫S H to the
quasi-local energy associated with S.
Since the integral
∫
S
H does not have the correct dimension of energy and is dimensionless (in geometrical units
c = GN = 1), we multiply it with the area radius r ≡ (A/4π)1/2 where A is the area of S. However, the quantity
r
∫
S
H still cannot be viewed as the quasi-local energy of S without restriction since its value is not a geometrically
invariant quantity. Rather, it depends on the choice of the foliation surfaces around S. So we try to fix this ambiguity.
Of the geometrical quantities introduced in section III A, ra, sa and m actually represents the coordinate freedom
and can be set to zero on any particular surface S. More precisely, for any given spacelike 2-surface S, one can always
find a double null foliation around S such that ra = sa = 0,m = 0,∇am = 0 on S (See Appendix B). Note that
they cannot be set to zero throughout the foliation. Under this gauge, for example, the gravitational part of the
Hamiltonian HG, which is derived from the gravitational part of the Lagrangian LG, becomes simple:
HG = µ
16π
[
−R− 1
2
(
Tr£uh
Tr£vh − Tr(£uh£vh)
)
+ 2ωaω
a + 2Λ
]
(3.4)
=
µ
16π
(
−Cabcdhachbd −Rabhab + R
3
+ 2ωaω
a + 2Λ
)
, (3.5)
where Cabcd, Rab and R are the four-dimensional Weyl tensor, Ricci tensor and Ricci scalar, respectively
†.
Now having fixed some gauge, we define the quasi-local energy by the total Hamiltonian as follows:
E(S) ≡ −
( A
4π
) 1
2
∫
S
H.
This is an analogue of the ADM energy, which is constructed from the total Hamiltonian in (3 + 1) formalism.
Recently Hayward [12] defined his quasi-local energy as ‡
EHay(S) ≡ −
( A
4π
) 1
2
∫
S
HG
∣∣∣
Λ=0
=
( A
4π
) 1
2
∫
S
µ
16π
(
Cabcdh
achbd +Rabh
ab − R
3
− 2ωaωa
)
. (3.7)
The difference with E(S) is that Hayward has used only the gravitational part of the Hamiltonian without the
cosmological constant, not the total one. When there is no matter field and the cosmological constant vanishes, E(S)
reduce to EHay(S) if we impose Ricci flat condition. As the calculation is rather complicated for the cases with matters
† There still remains a gauge freedom even after imposing the above gauge conditions on S. The gauge condition ra = sa = 0
only fixes the internal coordinate of Sξ,η. The condition m = 0,∇am = 0 fixes the foliation around S along the direction of
the null normals while the coordinate on the surface S is not fixed. The remaining freedom is manifested on S as a rescaling
of the null normals u− r and v − s:
u− r → (u− r)′ = eα(u− r), v − s→ (v − s)′ = e−α(v − s). (3.6)
Note that this freedom is not expressed as such a simple rescaling on the foliation surfaces other than S because the surfaces
do not coincide between the different gauges in general.
‡ Although Hayward did not state explicitly in [12], the expression (3.7) still depends on the choice of the foliation around S.
Since the the null normals n+a ≡ −e
m(u− r)a and n
−
a ≡ −e
m(v − s)a are the gradients n
+ = dη, n− = dξ, the twist ωa can be
rewritten as
ωa =
hba(n
+c
∇bn
−
c − n
−c
∇bn
+
c )
2n+dn−d
,
which changes under the transformation (3.6) as ωa → ωa −Daα.
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in the double null formalism, we concentrate on the vacuum case here. That is, if there is only cosmological constant
Λ and no matter fields exist, the quasi-local energy E(S) is
E(S) =
( A
4π
) 1
2
∫
S
µ
16π
(
Cabcdh
achbd − 2ωaωa − 4
3
Λ
)
. (3.8)
If one choose another gauge fixing, one will obtain an another form. However, the fact that we could obtain the
same form with the effective mass defined in the section 2 is important. As we guessed, one can see that the
effective gravitational mass derived from the physical argument of freely falling 2-surface really has a relation with
the Hamiltonian energy derived from the (2 + 2) formalism.
The similarity of the expression betweenMeff(S) and E(S) should be remarked and we have the interpretation such
that one can give support Meff(S) from the theoretical point of view.
IV. SUMMARY
We have defined the quasi-local energy from the concept of the effective gravitational mass for freely falling 2-surface
S. Its expression is given by
Meff(S) =
( A
4π
) 1
2
∫
S
µ
[
1
16π
(
Cabcdh
achbd − 2ωaωa − 4
3
Λ
)
+ Tabt
atb − 1
2
Tabh
ab +
2
3
T aa
]
. (4.1)
It has the advantage that the gravitational mass is related directly with the motion of a body under free fall, so is
well adapted to the intuitive physical expectation. It is not obscured by mathematical complication which sometimes
covers over the quasi-local energies proposed so far. We have also found that it reduces to the ADM energy and
Bondi-Sachs energy at the infinity in the asymptotically flat spacetimes. In spherically symmetric spacetimes, it gives
the appropriate gravitational mass for radially infalling test particles. We also found the similarity of the effective
mass with the quasi-local energy derived from the total Hamiltonian of the (2 + 2) formalism in the vacuum cases.
Furthermore, we evaluated the effective mass for small spheres. In the non-vacuum case, we obtain the leading
term
Meff(S) ∼ 1
3
Rabt
atb (4.2)
and, in vacuum space-times without Λ term, we observe the effective mass for small sphere outside the black hole is
negative in the Schwarzschild spacetime. We discussed that the negativity is reasonable from the view point of the
tidal force. Hence, for our effective energy, the negativity is no problem in spite of Bergqvist’s claim. Rather one
should prove that the effective mass must have the negative lower bound.
From the construction we expect that the effective mass is useful to investigate the dynamics of the space-time.
The application will be considered in the future work.
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APPENDIX A: EQUIVALENCE OF TWO DEFINITIONS OF ωA
In this appendix we show that two definitions of ωa, namely, nch
b
a∇btc and eq.(3.3), are equivalent for a particular
choice of gauge.
Consider a 1-parameter family of 2-surfaces generated by Lie-propagating the initial 2-surface S along the free-fall
vector ta. We would like to construct a double null foliation around S some surfaces of which coincide with the
members of this 1-parameter family.
If such foliation exists, each 2-surface of the 1-parameter family is a cross section of two null hypersurfaces generated
by null geodesics normal to 2-surfaces on £uS and £vS . Conversely, if we generate two null hypersurfaces by null
geodesics normal to a member of the 1-parameter family and repeat this procedure for each member of the family,
we have the desired double null foliation around S.
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Choose two future directed null vector fields na± on £tS such that n
a
+n−a = −1, (na+ + na−)/
√
2 = ta. Then we
have na = (na+−na−)/
√
2. Extend na+ along its direction by parallel transport: n
a
+∇anb+ = 0. Similarly, extend na− in
the same way: na−∇anb− = 0. Demanding the normalization condition na+n−a = −1, we have normalized null normal
fields to the double null foliation around S. Define ta ≡ (na++na−)/
√
2 and na ≡ (na+−na−)/
√
2 on the entire foliation.
Now we examine the ωa for this foliation. Since u− r and v− s in eq.(3.3) are the null normals to the foliation and
proportional to ta − na and ta + na, respectively, it is easy to see that
ωa =
hab
2
[t− n, t+ n]
(t− n)c(t+ n)c
= −hab
2
(tc∇cnb − nc∇ctb)
= nch
b
a∇btc + hbanc∇[ctb].
Thus our aim is to show Xanb∇[bta] = 0 on S for an arbitrary vector field Xa tangent to S. Now we have
2Xanb∇[bta] = ta[X,n]a
= (na+ + n
a
−)[X,n+ − n−]a. (A1)
Since [X,n+]
a is tangent to the null hypersurface £vS , it is orthogonal to its normal vector n
a
+. A similar relation
holds for na−, too:
n+a[X,n+]
a = n−a[X,n−]
a = 0. (A2)
On £tS , we also have
[t,X ]a = [n+ + n−, X ]
a ‖ S.
So, contracting n+a and n−a with this expression and using eq.(A2), we have
n+a[X,n−]
a = 0, n−a[X,n+]
a = 0. (A3)
Eqs.(A2,A3) tell us the expression (A1) vanishes. This completes the proof.
APPENDIX B: ACHIEVING THE GAUGE RA = SA = 0,M = 0,∇AM = 0 ON S
Here we show the existence of the double null foliation satisfying the gauge condition ra = sa = 0,m = 0,∇am = 0
on S, which was briefly stated in [12]. First we show that there always exists a double null foliation such that
ra = sa = 0 on S. Introduce internal coordinates (ϑ, ϕ) on Sξ,η so that the evolution vectors are expressed as partial
derivatives ua = (∂ξ)
a, va = (∂η)
a. They lie on the intersection of the 2-surface ϑ, ϕ = const and the null hypersurfaces
η = const, ξ = const, respectively. Thus to show the existence of the foliation with ra|S = sa|S = 0, it suffices to
show the existence of a coordinate chart (ϑ, ϕ) such that each 2-surface ϑ, ϕ = const is normal to S, which is obvious.
Modifying this foliation, it is possible to achievem = 0,∇am = 0 on S. (Intuitively, this is obvious sincem represents
the ‘density’ of the foliation surfaces.) In general, any two foliations are related by a coordinate transformation
ξ → ξ′ = ξf, η → η′ = ηg where f, g are some smooth functions. The reason why ξ and η can be factored out in
ξ′ and η′ is that the null hypersurfaces ξ = 0 and η = 0 are uniquely determined from S and do not depend on the
choice of the foliation. Since the inverse of the spacetime metric is expressed in the original coordinate as
gab = −em((u − r)a(v − s)b + (v − s)a(u − r)b) + hij(∂i)a(∂j)b
where the indexes i, j run on {ϑ, ϕ},
em
′ |S = −g−1(dξ′, dη′) = fgem|S
em
′
dm′|S = em(fgdm|S + d(fg)|S + f∂ηgdη|S + g∂ξfdξ|S).
The condition m′|S = 0 is thus equivalent to fg|S = e−m. With this condition satisfied, the condition ∇am′|S = 0 is
equivalent to ∂ξm
′|S = ∂ηm′|S = 0 which is further equivalent to e−m∂ξm|S + f∂ξg|S+2g∂ξf |S = 0 and e−m∂ηm|S+
g∂ηf |S+2f∂ηg|S = 0. These conditions only specify the behaviour of f, g and their first order derivatives on S and it
is not difficult to see that they are compatible with the double null conditions g−1(dξ′, dξ′) = g−1(dη′, dη′) = 0. This
establishes the existence of the desired foliation.
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